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We construct new many-body invariants for 2d Chern and 3d chiral hinge insulators, which are
characterized by quantized pumping of dipole and quadrupole moments. The invariants that we
devise are written entirely in terms of many-body ground state wavefunctions on a torus geometry
with a set of unitary operators. We provide a number of supporting evidences for our invariants via
topological field theory interpretation, adiabatic pumping argument, and direct mapping to free-
fermion band indices. We finally confirm our invariants by numerical computations including infinite
density matrix renormalization group on a quasi-one-dimensional system. The many-body invariants
therefore explicitly encircle several different pillars of theoretical descriptions of topological phases.
1. Introduction: The discovery of topological band
insulators initiated a serious revisit to the band theory of
insulators, which has fruited in the last fifteen years.1,2
So far, the classification of the band topology has made
a remarkable success and found numerous different kinds
of topological insulators.3–5 Insightful band indices and
their underlying structures1,2,6 have been revealed as
well. One particular progress, which attracted a huge at-
tention recently, is the so-called higher-order topological
insulators,6–8 whose topology manifests as the symmetry-
protected corner or hinge states instead of more familiar
surface states. However, the understanding of these in-
sulators has one important missing conceptual ingredient
compared to their ancestors, e.g., insulators with bulk po-
larization9 and Chern insulators.10 For those insulators,
we know how to define and detect the topology even with-
out referring to the band structure. For instance, the
Resta’s formula9 allows us to measure the polarization
in a non-perturbative fashion for any insulators with a
unique ground state.
In this Letter, we propose many-body invariants for
prototypical chiral topological phases, i.e., the 2d Chern
insulator10 and the 3d chiral hinge insulator.6–8 The
two insulators are all characterized by quantized chiral
pumping of certain quantum numbers under the adia-
batic change of the background U(1) gauge field. We
show how the topology of such chiral pumping can be
detected within the many-body wavefunctions by gener-
alizing Resta’s pioneering work.9 We combine a few dif-
ferent theoretical approaches to support the validity of
our invariants: many-body adiabatic pumping argument,
topological field theory interpretation, and reduction to
free-fermion band indices. We finally confirm our invari-
ants in several numerical calculations.
The many-body invariants9,11–13 can be applied to cor-
related states of matter14 and to systems which do not
have translation symmetries. In practice, such invariants
will be useful in the studies on the disordered topological
insulators with/without interactions. Even for the clean,
free systems, the invariants can provide a complementary
diagnosis to the momentum-space, free-electron band in-
dices.15–18 Not only practically but also fundamentally,
the construction of many-body invariants is important on
its own, as they can potentially provide a classification
of the quantum phases of matter in general setups.
To this end, we will consider the functions in terms of
many-body ground state wavefunctions:
Z[Φa] = 〈GS[Φa]|Uˆtop|GS[Φa]〉〈GS[0]|Uˆtop|GS[0]〉
, (1)
where we use two and only two many-body ground states
|GS[Φa]〉 on a torus, whose boundary condition along the
a-direction of the torus is twisted by a flux Φa, whereas
other directions are chosen to be periodic without any
twisting. Here we will choose Uˆtop depending on the
topology that we want to detect. We will then show that
the U(1) phase factor of Z[Φa] gives the corresponding
invariants.
For the systems that we are interested in, it is suffi-
cient to consider only two unitaries: Resta’s polarization
operator along the j-direction,9
Uˆ1,j = exp
(2pii
Lj
∑
r
xj nˆ(r)
)
, (2)
and the quadrupole operator in the xy-plane from our
previous work11,12
Uˆ2 = exp
( 2pii
LxLy
∑
r
xynˆ(r)
)
. (3)
We assume that these two unitary operators can measure
the dipole and the quadrupole moments of many-body
insulators under appropriate conditions. We review some
of their properties in SI.19
2. Chern Insulator: We first construct the formula
for the Chern number from the many-body wavefunction
|GS[Φx]〉 defined on a torus. This will serve as a peda-
gogical example for our development Eq. (1). Here the
flux Φx along the x-direction is chosen to be small. It can
be encoded as the uniform gauge field Ax =
Φx
Lx
. Then
we can obtain the many-body Chern number C by
Zc = 〈GS[Φx]|Uˆ1,y|GS[Φx]〉〈GS[0]|Uˆ1,y|GS[0]〉
= |Z| exp
(
iCΦx
)
. (4)
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2Since our expression only involves two ground states, it
would be useful, e.g., when numerically computing the
Chern number of the ground state of the interacting
Hamiltonians.
We first prove that C in Eq. (4) reduces to the band
Chern number when we apply it to a free-fermion band
insulator. Here, we only sketch the key steps and de-
fer a more complete derivation to SI.19 In a free fermion
system, we first construct the single-particle eigenstates
|k〉 ⊗ |u(k)〉, where |k〉 is the plane wave labeled by
the (Bloch) momentum and |u(k)〉 is the corresponding
Bloch state. The many-body ground state is given by the
Slater determinant of the occupied single-particle states.
Note that the flux Φx merely modifies the allowed mo-
mentum k. So Eq. (4) for the case of a single filled band
insulator becomes
Zc =
∏
kx,ky
〈u(kx + ΦxLx , ky)|u(kx + ΦxLx , ky + 2piLy )〉∏
kx,ky
〈u(kx, ky)|u(kx, ky + 2piLy )〉
,
where the product over the momentum in both the de-
nominator and numerator is the same, i.e., ka =
2pi
La
na
with na ∈ {1, 2, · · ·La}. For La large, we can approxi-
mate
Zc ≈
∏
kx
exp
[
i
∫
dkyAy(kx + ΦxLx , ky)
]
∏
kx
exp
[
i
∫
dkyAy(kx, ky)
]
=
∏
kx
exp
[
2piiPy(kx + ΦxLx )
]
∏
kx
exp
[
2piiPy(kx)
] ,
where Py(kx) is the y-directional polarization for the
given momentum kx. Finally Eq. (4) reduces to:
Zc =
∏
kx
exp
[
2pii
(
Py
(
kx +
Φx
Lx
)− Py(kx))]
≈ exp
[
iΦx
∫ 2pi
0
dkx
dPy(kx)
dkx
]
= exp(iΦxC), (5)
where we have identified the change in the polarization
Py in kx as the Chern number.20 The generalization for
the multiband cases is given in SI.19
We now use the many-body adiabatic pumping to show
that Eq. (4) must be related to the Hall conductivity σxy.
To see this clearly, we use that the Resta operator Uˆ1,y
measures the many-body polarization. See SI for some
details of Uˆ1,y.
19 Using the Resta operator, we find
Zc ∝ exp
[
2pii (Py(Φx)− Py(0))
]
,
where Py(Φx) is the many-body polarization along y for
the ground state with the flux Φx. For band insulators,
Py(Φx) =
∑
kx
Py
(
kx +
Φx
Lx
)
. When Φx is small, we find
Zc ≈ exp
[
2piiΦx
dPy
dΦx
]
= exp
[
2piiΦxσxy
]
= exp
(
iCΦx
)
where we noted that the polarization Py in the ground
state can be induced by the adiabatic change in the flux
Φx, i.e.,
dPy
dΦx
=
dPy/dt
dΦx/dt
=
Jy
Ex
= σxy. The last equality
follows from σxy =
C
2pi . Here, we did not assume that the
ground state is a band insulator and hence it suggests
that Eq.(4) can be applied beyond band insulators.
The final proof of Eq. (4) in terms of the topological
field theory interpretation is to show that it picks up the
level C of the Chern-Simons term,
Seff =
C
4pi
∫
dτd2x µνλAµ∂νAλ, (6)
which is the effective field theory of the Chern insulator.
Here we again do not assume that the ground state is a
band insulator and so it shows that Eq. (4) can be applied
to any correlated insulator. We note that19
〈GS[Φx]|Uˆ1,y|GS[Φx]〉 ∝ exp
(
iSeff [Aµ]
)
= exp
(
iΦxC
)
,
where Aµ is fixed by the twisted boundary condition Φx
and the insertion of the unitary Uˆ1,y, i.e, (A0;Ax, Ay) =(
δ(τ) 2piLy y;
Φx
Lx
, 0
)
. By inserting these gauge configurations
into Eq. (6), we indeed find that the level C appears in
the RHS of the above formula. We note that the same
approach has been employed before.11
Before moving on, we comment on the relation of our
formula Eq. (4) with the previous related works. First,
we note that a similar formula, which is essentially Eq. (4)
without the denominator, appeared in Ref. 21. However,
without the denominator, the formula suffers from an ar-
bitrary phase correction to Zc, which lead the authors
to keep track of the full adiabatic pumping of the flux
insertion Φx ∈ [0, 2pi) to calculate the Chern number.
Second, there are expressions due to Niu-Thouless-Wu22
and Hastings-Michalakis.23 The underlying idea of these
expressions is to construct the effective Brillouin zone us-
ing the the twisted boundary conditions along the x- and
y-direction following the idea of Ref. 22. For example, the
one-plaquette formula has been introduced24 along these
line of thoughts. However, the formula requires at least
three different ground states, forming one plaquette, to
compute the Chern number.
3. Chiral Hinge Insulator: We now present the
many-body invariant for the C4T -symmetric chiral hinge
insulator.
Zh = 〈GS[Φz]|Uˆ2|GS[Φz]〉〈GS[0]|Uˆ2|GS[0]〉
= exp(iΦzCW ) (7)
Here |GS[Φz]〉 is the ground state when the boundary
condition along the z-axis is twisted by infinitesimal Φz.
We will see that CW is an integer labeling the quantized
pumping of the quadrupole moment under the flux Φz.
In particular, when the insulator is the band insulator,
CW will agree with the Wannier-sector Chern number.
25
First, we reduce Eq. (7) to a band index, i.e., the
quantized pumping of the quadrupole moment along kz.
3As before, we construct a many-body ground state as a
Slater determinant of the occupied single-particle eigen-
states. The single-particle states are given by the Bloch
functions |un(k⊥, kz)〉 and the plane waves |k⊥, kz〉, i.e.,
|ψn(k⊥, kz)〉 = |k⊥, kz〉⊗|un(k⊥, kz)〉 with n labeling the
filled bands and k⊥ being the momentum in the xy-plane.
Then Eq. (7) reduces to
Zh =
∏
kz
∏
k⊥,k′⊥
F(k′⊥,k⊥, kz + ΦzLz )∏
kz
∏
k⊥,k′⊥
F(k′⊥,k⊥, kz)
, (8)
where the product over the momentum kz is over the set
kz ∈ { 2piLz nz, nz = 0, 1, · · ·Lz − 1}, and similarly for k
and k′. Here F is completely written out in terms of the
Bloch functions:
F(k′⊥,k⊥, kz +
Φz
Lz
) = 〈k′⊥, kz +
Φz
Lz
|e
i2pixy
LxLy |k⊥, kz + Φz
Lz
〉∏
n,m
〈un
(
k′⊥, kz +
Φz
Lz
)
|um
(
k⊥, kz +
Φz
Lz
)
〉,
where the product is over occupied bands. We identify∏
k⊥,k′⊥
F
(
k′⊥,k⊥, kz +
Φz
Lz
)
= exp
[
2piiQxy
(
kz +
Φz
Lz
)]
,
where Qxy(kz) is the quadrupole moment of an effective
two-dimensional model when kz is viewed as an adiabatic
parameter.11,12 We assume the nonzero Wannier gap,
which is required for defining quadrupole moment.6,11,12
(See Refs.[11, 12, and 26] for the cases without the Wan-
nier gap.) Now, Eq. (8) for infinitesimal Φz becomes
Zh =
∏
kz
exp
[
2pii
(
Qxy
(
kz +
Φz
Lz
)
−Qxy(kz)
)]
≈ exp
[
iΦz
∫ 2pi
0
dkz
dQxy
dkz
]
= exp
[
iΦzCW
]
,
i.e., Zh measures the chiral pumping of quadrupole mo-
ment Qxy(kz) along kz, as advertised.
Remarkably, our formula Eq. (7) is consistent with the
effective field theory of the chiral hinge insulator pro-
posed in Ref. [27]
Sheff =
CW
4pi
∫
dτd3x Az (∂t∂yAx + ∂t∂xAy − 2∂x∂yA0) .
To relate Eq. (7) to this effective theory, we note19
〈GS|Uˆ2|GS〉 ∝ Tr
[
e−βHˆ0Uˆ2
]
β→∞
∝ exp
(
iSheff [Aµ]
)
,
where Aµ is fixed by the twisted boundary condi-
tion Φz and the insertion of the unitary Uˆ2, i.e,
(A0;Ax, Ay, Az) = (δ(τ)
2pixy
LyLx
; 0, 0, ΦzLx ). On inserting this
gauge field configuration to the effective theory, we find
Eq. (7). Note that the effective topological field theory
is expected to remain valid for interacting and/or disor-
dered cases. Hence, we expect the same for Eq.(7).
Finally, we discuss the physics hidden behind Eq. (7).
This highlights the relation of our formula Eq. (7) with
the Wannier-sector Chern number.11,12 We first note
that the ground state overlaps in Eq. (7) give the
bulk quadrupole moments along the xy-direction of the
ground states.
Zh ∝ exp
[
2pii
(
Qxy(Φz)−Qxy(0)
) ]
,
where Qxy(Φz) is the xy-plane quadrupole moment of the
ground state with the flux Φz. Assuming that Qxy is a
smooth function of Φz, we find:
Zh ∝ e2piiΦz
dQxy
dΦz → e2piiΦz
dQxy/dt
dΦz/dt = e2piiΦz
J
quad
xy
Ez . (9)
Here, we imagined to change the flux Φz adiabatically
in time, which will induce the electric field along the
z-direction on the surface. The change in quadrupole
moment is given by the surface current Jquad perpendic-
ular to the z-direction. Now, by insisting that the last
expression on Eq. (9) to be equivalent to Eq. (7), we find
σquadxy =
Jquadxy
Ez
=
CW
2pi
.
This is precisely what one expects from the nested Wil-
son loop picture,7 and provides additional supporting ev-
idence for our formula. We complete the comparison by
performing another transformation on Eq. (9). Let us
rewrite Jquadxy as the variation of the quadrupolar sur-
face orbital magnetization Mquadxy , i.e, J
quad
xy =
dMquadxy
dz .
Similarly, we rewrite Ez =
dµs
dz , where µ
s is the surface
chemical potential. Then, we find
Zh = e2piiΦz
J
quad
xy
Ez → e2piiΦz
dM
quad
xy
dµs .
Enforcing the last expression to agree with Eq. (9), we
find
dMquadxy
dµs
=
CW
2pi
.
This is again consistent with the nested Wilson loop
picture7 and the orbital magnetization calculation.28
Hence, from Eq. (7), we complete our derivation of the
quadrupolar “Streda formula”:
dQxy
dΦz
=
Jquadxy
Ez
=
dMquadxy
dµs
=
CW
2pi
.
This is consistent with the effective theory.27
4. Numerical demonstrations: In this section, we
provide numerical confirmation of our many-body invari-
ants for the two classes of the chiral topological insu-
lators that we discussed above. We demonstrate the
validity of our invariants for various models including
4non-interacting translation-symmetric insulators, non-
interacting but without translation symmetry due to
weak disorder, and correlated insulators. In all cases, our
many-body invariants faithfully measure the bulk topo-
logical invariants.
We begin with two non-interacting tight-binding mod-
els of Chern insulators29 on a square lattice:
Hˆ
(1)
Ch =
∑
k
c†k
[
(m− t cos(kx)− t cos(ky))σz
+ ∆ sin(kx)σx + ∆ sin(ky)σy
]
ck (10)
and
Hˆ
(2)
Ch =
∑
k
c†k
[
(m− t cos(kx)− t cos(ky))σz
+ ∆1(cos(kx)− cos(ky))σy
+ ∆2 sin(kx) sin(ky)σx
]
ck (11)
where c†k = (c
†
k,A, c
†
k,B). By tuning the parameter m
while keeping t and ∆ ({∆1,∆2}) fixed, the half-filled
ground state of Hˆ
(1)
Ch (Hˆ
(2)
Ch ) realizes the quantum phase
transitions between the C = ±1 (C = ±2) Chen insula-
tor to the C = 0 trivial insulator. In FIG. 1 (a) and (b),
we confirm that our many-body invariant Eq. (4) well re-
produces the expected phase diagrams of Hˆ
(1)
Ch and Hˆ
(2)
Ch .
To further confirm the validity of our invariants, we
consider a non-interacting model with onsite disorder, by
replacing the uniform mass term
∑
kmc
†
kσzck in Eq. (10)
to position dependent random mass term
∑
rmrc
†
rσzcr
where c†r = (c
†
r,A, c
†
r,B) andmr ∈ [1.0, 1.0+W ]. In FIG. 1
(c), the disorder averaged Chern number [C]av, which is
the average of the Chern number Eq. (4) over 1,000 dis-
order realizations, shows stable behavior as a function of
disorder strength W . This shows the stability of our for-
mula against weak disorders. We leave strong disorder
behaviors, e.g., disorder-driven topological phase transi-
tions, of Eq.(4) to the future work.
Finally, we consider an interacting model Hˆ =
Hˆ
(1)
Ch + HˆU , where Hˆ
(1)
Ch is given by Eq. (10). HˆU =
U
∑
r c
†
r,Acr,Ac
†
r,Bcr,B is the onsite Hubbard interaction.
We perform an infinite density matrix renormalization
group (iDMRG) simulation30,31 on an infinite cylinder
with finite circumference, where the x-axis is the infi-
nite direction parallel to the cylindrical axis and the y-
direction contains finite Ny sites. From the infinite ma-
trix product state (iMPS) generalization of our many-
body invariant,19 we can extract the Chern number using
two iMPS ground states—one without any flux insertion
and the other with an infinitesimal flux inserted along
the x-direction.
Our method bears some similarity with the usual
method for measuring the Chern number in the iDMRG
simulations.32 In fact, both methods measure the iden-
tical observables when Ny is sufficiently large. However,
whenNy is finite and small, which is the case for the usual
iDMRG simulations on quasi-1d systems, two methods
C
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<latexit sha1_base64="l1rTLv2GverIbAQePEAJH2VwoBs=">AAACzHicjVHLSsNAFD2Nr1pfVZdugkWom5KIoMuiG1dSwT6kLZJMpzU0LyYToYR u/QG3+l3iH+hfeGdMQS2iE5KcOfeeM3PvdWPfS6RlvRaMhcWl5ZXiamltfWNzq7y900qiVDDeZJEfiY7rJNz3Qt6UnvR5JxbcCVyft93xuYq377lIvCi8lpOY9wNnFHpDjzmSqJusJwKzyg6nt+WKVbP0MueBnYMK8tWIyi/oYYAIDCkCcISQhH04SOjpwoaFmLg+MuIEIU/HOaYokTalLE4ZDrFj+o5o183Z kPbKM9FqRqf49ApSmjggTUR5grA6zdTxVDsr9jfvTHuqu03o7+ZeAbESd8T+pZtl/lenapEY4lTX4FFNsWZUdSx3SXVX1M3NL1VJcoiJU3hAcUGYaeWsz6bWJLp21VtHx990pmLVnuW5Kd7VLWnA9s9xzoPWUc22avbVcaV+lo+6iD3so0rzPEEdF2igSd4BHvGEZ+PSkEZmTD9TjUKu2cW3ZTx8ALptklw=< /latexit><latexit sha1_base64="l1rTLv2GverIbAQePEAJH2VwoBs=">AAACzHicjVHLSsNAFD2Nr1pfVZdugkWom5KIoMuiG1dSwT6kLZJMpzU0LyYToYR u/QG3+l3iH+hfeGdMQS2iE5KcOfeeM3PvdWPfS6RlvRaMhcWl5ZXiamltfWNzq7y900qiVDDeZJEfiY7rJNz3Qt6UnvR5JxbcCVyft93xuYq377lIvCi8lpOY9wNnFHpDjzmSqJusJwKzyg6nt+WKVbP0MueBnYMK8tWIyi/oYYAIDCkCcISQhH04SOjpwoaFmLg+MuIEIU/HOaYokTalLE4ZDrFj+o5o183Z kPbKM9FqRqf49ApSmjggTUR5grA6zdTxVDsr9jfvTHuqu03o7+ZeAbESd8T+pZtl/lenapEY4lTX4FFNsWZUdSx3SXVX1M3NL1VJcoiJU3hAcUGYaeWsz6bWJLp21VtHx990pmLVnuW5Kd7VLWnA9s9xzoPWUc22avbVcaV+lo+6iD3so0rzPEEdF2igSd4BHvGEZ+PSkEZmTD9TjUKu2cW3ZTx8ALptklw=< /latexit><latexit sha1_base64="l1rTLv2GverIbAQePEAJH2VwoBs=">AAACzHicjVHLSsNAFD2Nr1pfVZdugkWom5KIoMuiG1dSwT6kLZJMpzU0LyYToYR u/QG3+l3iH+hfeGdMQS2iE5KcOfeeM3PvdWPfS6RlvRaMhcWl5ZXiamltfWNzq7y900qiVDDeZJEfiY7rJNz3Qt6UnvR5JxbcCVyft93xuYq377lIvCi8lpOY9wNnFHpDjzmSqJusJwKzyg6nt+WKVbP0MueBnYMK8tWIyi/oYYAIDCkCcISQhH04SOjpwoaFmLg+MuIEIU/HOaYokTalLE4ZDrFj+o5o183Z kPbKM9FqRqf49ApSmjggTUR5grA6zdTxVDsr9jfvTHuqu03o7+ZeAbESd8T+pZtl/lenapEY4lTX4FFNsWZUdSx3SXVX1M3NL1VJcoiJU3hAcUGYaeWsz6bWJLp21VtHx990pmLVnuW5Kd7VLWnA9s9xzoPWUc22avbVcaV+lo+6iD3so0rzPEEdF2igSd4BHvGEZ+PSkEZmTD9TjUKu2cW3ZTx8ALptklw=< /latexit><latexit sha1_base64="l1rTLv2GverIbAQePEAJH2VwoBs=">AAACzHicjVHLSsNAFD2Nr1pfVZdugkWom5KIoMuiG1dSwT6kLZJMpzU0LyYToYR u/QG3+l3iH+hfeGdMQS2iE5KcOfeeM3PvdWPfS6RlvRaMhcWl5ZXiamltfWNzq7y900qiVDDeZJEfiY7rJNz3Qt6UnvR5JxbcCVyft93xuYq377lIvCi8lpOY9wNnFHpDjzmSqJusJwKzyg6nt+WKVbP0MueBnYMK8tWIyi/oYYAIDCkCcISQhH04SOjpwoaFmLg+MuIEIU/HOaYokTalLE4ZDrFj+o5o183Z kPbKM9FqRqf49ApSmjggTUR5grA6zdTxVDsr9jfvTHuqu03o7+ZeAbESd8T+pZtl/lenapEY4lTX4FFNsWZUdSx3SXVX1M3NL1VJcoiJU3hAcUGYaeWsz6bWJLp21VtHx990pmLVnuW5Kd7VLWnA9s9xzoPWUc22avbVcaV+lo+6iD3so0rzPEEdF2igSd4BHvGEZ+PSkEZmTD9TjUKu2cW3ZTx8ALptklw=< /latexit>
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<latexit sha1_base64="Jnqw6TIR+BK3FRYdixy24h7VBlI=">AAACzHicjVHLSsNAFD2Nr1pfVZdugkWom5KIoMuiG1dSwT6kLZJMpzU0LyYToYR u/QG3+l3iH+hfeGdMQS2iE5KcOfeeM3PvdWPfS6RlvRaMhcWl5ZXiamltfWNzq7y900qiVDDeZJEfiY7rJNz3Qt6UnvR5JxbcCVyft93xuYq377lIvCi8lpOY9wNnFHpDjzmSqJusJwKzOjic3pYrVs3Sy5wHdg4qyFcjKr+ghwEiMKQIwBFCEvbhIKGnCxsWYuL6yIgThDwd55iiRNqUsjhlOMSO6TuiXTdn Q9orz0SrGZ3i0ytIaeKANBHlCcLqNFPHU+2s2N+8M+2p7jahv5t7BcRK3BH7l26W+V+dqkViiFNdg0c1xZpR1bHcJdVdUTc3v1QlySEmTuEBxQVhppWzPptak+jaVW8dHX/TmYpVe5bnpnhXt6QB2z/HOQ9aRzXbqtlXx5X6WT7qIvawjyrN8wR1XKCBJnkHeMQTno1LQxqZMf1MNQq5ZhfflvHwAbzPkl0=< /latexit><latexit sha1_base64="Jnqw6TIR+BK3FRYdixy24h7VBlI=">AAACzHicjVHLSsNAFD2Nr1pfVZdugkWom5KIoMuiG1dSwT6kLZJMpzU0LyYToYR u/QG3+l3iH+hfeGdMQS2iE5KcOfeeM3PvdWPfS6RlvRaMhcWl5ZXiamltfWNzq7y900qiVDDeZJEfiY7rJNz3Qt6UnvR5JxbcCVyft93xuYq377lIvCi8lpOY9wNnFHpDjzmSqJusJwKzOjic3pYrVs3Sy5wHdg4qyFcjKr+ghwEiMKQIwBFCEvbhIKGnCxsWYuL6yIgThDwd55iiRNqUsjhlOMSO6TuiXTdn Q9orz0SrGZ3i0ytIaeKANBHlCcLqNFPHU+2s2N+8M+2p7jahv5t7BcRK3BH7l26W+V+dqkViiFNdg0c1xZpR1bHcJdVdUTc3v1QlySEmTuEBxQVhppWzPptak+jaVW8dHX/TmYpVe5bnpnhXt6QB2z/HOQ9aRzXbqtlXx5X6WT7qIvawjyrN8wR1XKCBJnkHeMQTno1LQxqZMf1MNQq5ZhfflvHwAbzPkl0=< /latexit><latexit sha1_base64="Jnqw6TIR+BK3FRYdixy24h7VBlI=">AAACzHicjVHLSsNAFD2Nr1pfVZdugkWom5KIoMuiG1dSwT6kLZJMpzU0LyYToYR u/QG3+l3iH+hfeGdMQS2iE5KcOfeeM3PvdWPfS6RlvRaMhcWl5ZXiamltfWNzq7y900qiVDDeZJEfiY7rJNz3Qt6UnvR5JxbcCVyft93xuYq377lIvCi8lpOY9wNnFHpDjzmSqJusJwKzOjic3pYrVs3Sy5wHdg4qyFcjKr+ghwEiMKQIwBFCEvbhIKGnCxsWYuL6yIgThDwd55iiRNqUsjhlOMSO6TuiXTdn Q9orz0SrGZ3i0ytIaeKANBHlCcLqNFPHU+2s2N+8M+2p7jahv5t7BcRK3BH7l26W+V+dqkViiFNdg0c1xZpR1bHcJdVdUTc3v1QlySEmTuEBxQVhppWzPptak+jaVW8dHX/TmYpVe5bnpnhXt6QB2z/HOQ9aRzXbqtlXx5X6WT7qIvawjyrN8wR1XKCBJnkHeMQTno1LQxqZMf1MNQq5ZhfflvHwAbzPkl0=< /latexit><latexit sha1_base64="Jnqw6TIR+BK3FRYdixy24h7VBlI=">AAACzHicjVHLSsNAFD2Nr1pfVZdugkWom5KIoMuiG1dSwT6kLZJMpzU0LyYToYR u/QG3+l3iH+hfeGdMQS2iE5KcOfeeM3PvdWPfS6RlvRaMhcWl5ZXiamltfWNzq7y900qiVDDeZJEfiY7rJNz3Qt6UnvR5JxbcCVyft93xuYq377lIvCi8lpOY9wNnFHpDjzmSqJusJwKzOjic3pYrVs3Sy5wHdg4qyFcjKr+ghwEiMKQIwBFCEvbhIKGnCxsWYuL6yIgThDwd55iiRNqUsjhlOMSO6TuiXTdn Q9orz0SrGZ3i0ytIaeKANBHlCcLqNFPHU+2s2N+8M+2p7jahv5t7BcRK3BH7l26W+V+dqkViiFNdg0c1xZpR1bHcJdVdUTc3v1QlySEmTuEBxQVhppWzPptak+jaVW8dHX/TmYpVe5bnpnhXt6QB2z/HOQ9aRzXbqtlXx5X6WT7qIvawjyrN8wR1XKCBJnkHeMQTno1LQxqZMf1MNQq5ZhfflvHwAbzPkl0=< /latexit>
W
<latexit sha1_base64="S0KGeh9Lw3XTgVEjmG6+fiRiJ1M=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LIoiMsW7ANqkWQ6rUPzIjMRStE fcKvfJv6B/oV3xhTUIjohyZlz7zkz914/CYRUjvNasBYWl5ZXiqultfWNza3y9k5bxlnKeIvFQZx2fU/yQES8pYQKeDdJuRf6Ae/443Md79zxVIo4ulKThPdDbxSJoWCeIqrZuSlXnKpjlj0P3BxUkK9GXH7BNQaIwZAhBEcERTiAB0lPDy4cJMT1MSUuJSRMnOMeJdJmlMUpwyN2TN8R7Xo5G9Fee0qjZnRK QG9KShsHpIkpLyWsT7NNPDPOmv3Ne2o89d0m9Pdzr5BYhVti/9LNMv+r07UoDHFqahBUU2IYXR3LXTLTFX1z+0tVihwS4jQeUDwlzIxy1mfbaKSpXffWM/E3k6lZvWd5boZ3fUsasPtznPOgXau6R9Va87hSP8tHXcQe9nFI8zxBHZdooGW8H/GEZ+vCCixpZZ+pViHX7OLbsh4+AB4Kj2A=</latexit>
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<latexit sha1_base64="VUyIZeRbaS7WqS9Lj0cKXGhEzts=">AAACz3icjVHLTsJAFD3WF+ILdemmkZi4IgVNdElk4xISeSRAyLQM2NBXplMMIRi3/oBb/SvjH+hfeGcsiUqMTtP2zLn3nJl7rx15 biwt63XJWF5ZXVvPbGQ3t7Z3dnN7+404TITD607ohaJls5h7bsDr0pUeb0WCM9/2eNMeVVS8OeYidsPgWk4i3vXZMHAHrsMkUZ12pdubdoRvsvGsl8tbBUsvcxEUU5BHuqph7gUd9BHCQQIfHAEkYQ8MMT1tFGEhIq6LKXGCkKvjHDNkSZtQFqcMRuyIvkPatVM2oL3yjLXaoVM8egUpTRyTJqQ8QVidZup4op0V+5v3VHuqu03ob6dePrESN8T+pZtn/lenapEY4ELX4FJNkWZUdU7qkuiuqJubX6qS5BARp3 Cf4oKwo5XzPptaE+vaVW+Zjr/pTMWqvZPmJnhXt6QBF3+OcxE0SoXiaaFUO8uXL9NRZ3CII5zQPM9RxhWqqJN3hEc84dmoGbfGnXH/mWospZoDfFvGwwfBDJP7</latexit>
 x/Lx
<latexit sha1_base64="7EM8wf9eM4FqTBOIXDmmgsJLH+Y=">AAACzXicjVHLSsNAFD2Nr1pfVZdugkVwVRMRdFl040Kwgn2gLSWZTtuhaRKSibRU3foDbvW3xD/Qv/DOmIJaRCckOXPuPWfm3uuGnoilZ b1mjJnZufmF7GJuaXlldS2/vlGNgyRivMICL4jqrhNzT/i8IoX0eD2MuDNwPV5z+ycqXrvhUSwC/1KOQt4cOF1fdARzJFFXjXJPtIZ7Z61hK1+wipZe5jSwU1BAuspB/gUNtBGAIcEAHD4kYQ8OYnquYcNCSFwTY+IiQkLHOe6QI21CWZwyHGL79O3S7jplfdorz1irGZ3i0RuR0sQOaQLKiwir00wdT7SzYn/zHmtPdbcR/d3Ua0CsRI/Yv3STzP/qVC0SHRzpGgTVFGpGVcdSl0R3Rd3c/FKVJIeQOIXbFI8IM62c9NnUmlj Xrnrr6PibzlSs2rM0N8G7uiUN2P45zmlQ3S/aVtG+OCiUjtNRZ7GFbezSPA9RwinKqJC3j0c84dk4NxLj1rj/TDUyqWYT35bx8AFdNJMF</latexit><latexit sha1_base64="7EM8wf9eM4FqTBOIXDmmgsJLH+Y=">AAACzXicjVHLSsNAFD2Nr1pfVZdugkVwVRMRdFl040Kwgn2gLSWZTtuhaRKSibRU3foDbvW3xD/Qv/DOmIJaRCckOXPuPWfm3uuGnoilZ b1mjJnZufmF7GJuaXlldS2/vlGNgyRivMICL4jqrhNzT/i8IoX0eD2MuDNwPV5z+ycqXrvhUSwC/1KOQt4cOF1fdARzJFFXjXJPtIZ7Z61hK1+wipZe5jSwU1BAuspB/gUNtBGAIcEAHD4kYQ8OYnquYcNCSFwTY+IiQkLHOe6QI21CWZwyHGL79O3S7jplfdorz1irGZ3i0RuR0sQOaQLKiwir00wdT7SzYn/zHmtPdbcR/d3Ua0CsRI/Yv3STzP/qVC0SHRzpGgTVFGpGVcdSl0R3Rd3c/FKVJIeQOIXbFI8IM62c9NnUmlj Xrnrr6PibzlSs2rM0N8G7uiUN2P45zmlQ3S/aVtG+OCiUjtNRZ7GFbezSPA9RwinKqJC3j0c84dk4NxLj1rj/TDUyqWYT35bx8AFdNJMF</latexit><latexit sha1_base64="7EM8wf9eM4FqTBOIXDmmgsJLH+Y=">AAACzXicjVHLSsNAFD2Nr1pfVZdugkVwVRMRdFl040Kwgn2gLSWZTtuhaRKSibRU3foDbvW3xD/Qv/DOmIJaRCckOXPuPWfm3uuGnoilZ b1mjJnZufmF7GJuaXlldS2/vlGNgyRivMICL4jqrhNzT/i8IoX0eD2MuDNwPV5z+ycqXrvhUSwC/1KOQt4cOF1fdARzJFFXjXJPtIZ7Z61hK1+wipZe5jSwU1BAuspB/gUNtBGAIcEAHD4kYQ8OYnquYcNCSFwTY+IiQkLHOe6QI21CWZwyHGL79O3S7jplfdorz1irGZ3i0RuR0sQOaQLKiwir00wdT7SzYn/zHmtPdbcR/d3Ua0CsRI/Yv3STzP/qVC0SHRzpGgTVFGpGVcdSl0R3Rd3c/FKVJIeQOIXbFI8IM62c9NnUmlj Xrnrr6PibzlSs2rM0N8G7uiUN2P45zmlQ3S/aVtG+OCiUjtNRZ7GFbezSPA9RwinKqJC3j0c84dk4NxLj1rj/TDUyqWYT35bx8AFdNJMF</latexit><latexit sha1_base64="7EM8wf9eM4FqTBOIXDmmgsJLH+Y=">AAACzXicjVHLSsNAFD2Nr1pfVZdugkVwVRMRdFl040Kwgn2gLSWZTtuhaRKSibRU3foDbvW3xD/Qv/DOmIJaRCckOXPuPWfm3uuGnoilZ b1mjJnZufmF7GJuaXlldS2/vlGNgyRivMICL4jqrhNzT/i8IoX0eD2MuDNwPV5z+ycqXrvhUSwC/1KOQt4cOF1fdARzJFFXjXJPtIZ7Z61hK1+wipZe5jSwU1BAuspB/gUNtBGAIcEAHD4kYQ8OYnquYcNCSFwTY+IiQkLHOe6QI21CWZwyHGL79O3S7jplfdorz1irGZ3i0RuR0sQOaQLKiwir00wdT7SzYn/zHmtPdbcR/d3Ua0CsRI/Yv3STzP/qVC0SHRzpGgTVFGpGVcdSl0R3Rd3c/FKVJIeQOIXbFI8IM62c9NnUmlj Xrnrr6PibzlSs2rM0N8G7uiUN2P45zmlQ3S/aVtG+OCiUjtNRZ7GFbezSPA9RwinKqJC3j0c84dk4NxLj1rj/TDUyqWYT35bx8AFdNJMF</latexit>
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<latexit sha1_base64="khXp/rSchrClhXvjN7VgLrWRhiI=">AAAC3HicjVHLSsNAFD3G97vqwoWbYBF0UxMRdFnUhQsXEawW2homcdSh0yQkE7GIO3fi1h9wq98j/oH+hXfGCGoRnZDkzLn3nLl3bpBIkSnHee mz+gcGh4ZHRsfGJyanpkszs4dZnKchr4WxjNN6wDIuRcRrSijJ60nKWSeQ/Chob+v40QVPMxFHB6qb8FaHnUXiVIRMEeWX5ps7XCpme37XXm5658K/XN3zL1f8UtmpOGbZvcAtQBnF8uLSM5o4QYwQOTrgiKAISzBk9DTgwkFCXAtXxKWEhIlzXGOMtDllccpgxLbpe0a7RsFGtNeemVGHdIqkNyWljSXSxJSXEtan2SaeG2fN/uZ9ZTx1bV36B4VXh1iFc2L/0n1m/lene1E4xabpQVBPiWF0d2Hhkptb0ZXbX7pS5JAQp/EJxVPCoVF+ 3rNtNJnpXd8tM/FXk6lZvQ+L3BxvukoasPtznL3gcK3iOhV3f71c3SpGPYIFLGKZ5rmBKnbhoWbqf8Ajnqxj68a6te4+Uq2+QjOHb8u6fwegAZe3</latexit><latexit sha1_base64="khXp/rSchrClhXvjN7VgLrWRhiI=">AAAC3HicjVHLSsNAFD3G97vqwoWbYBF0UxMRdFnUhQsXEawW2homcdSh0yQkE7GIO3fi1h9wq98j/oH+hXfGCGoRnZDkzLn3nLl3bpBIkSnHee mz+gcGh4ZHRsfGJyanpkszs4dZnKchr4WxjNN6wDIuRcRrSijJ60nKWSeQ/Chob+v40QVPMxFHB6qb8FaHnUXiVIRMEeWX5ps7XCpme37XXm5658K/XN3zL1f8UtmpOGbZvcAtQBnF8uLSM5o4QYwQOTrgiKAISzBk9DTgwkFCXAtXxKWEhIlzXGOMtDllccpgxLbpe0a7RsFGtNeemVGHdIqkNyWljSXSxJSXEtan2SaeG2fN/uZ9ZTx1bV36B4VXh1iFc2L/0n1m/lene1E4xabpQVBPiWF0d2Hhkptb0ZXbX7pS5JAQp/EJxVPCoVF+ 3rNtNJnpXd8tM/FXk6lZvQ+L3BxvukoasPtznL3gcK3iOhV3f71c3SpGPYIFLGKZ5rmBKnbhoWbqf8Ajnqxj68a6te4+Uq2+QjOHb8u6fwegAZe3</latexit><latexit sha1_base64="khXp/rSchrClhXvjN7VgLrWRhiI=">AAAC3HicjVHLSsNAFD3G97vqwoWbYBF0UxMRdFnUhQsXEawW2homcdSh0yQkE7GIO3fi1h9wq98j/oH+hXfGCGoRnZDkzLn3nLl3bpBIkSnHee mz+gcGh4ZHRsfGJyanpkszs4dZnKchr4WxjNN6wDIuRcRrSijJ60nKWSeQ/Chob+v40QVPMxFHB6qb8FaHnUXiVIRMEeWX5ps7XCpme37XXm5658K/XN3zL1f8UtmpOGbZvcAtQBnF8uLSM5o4QYwQOTrgiKAISzBk9DTgwkFCXAtXxKWEhIlzXGOMtDllccpgxLbpe0a7RsFGtNeemVGHdIqkNyWljSXSxJSXEtan2SaeG2fN/uZ9ZTx1bV36B4VXh1iFc2L/0n1m/lene1E4xabpQVBPiWF0d2Hhkptb0ZXbX7pS5JAQp/EJxVPCoVF+ 3rNtNJnpXd8tM/FXk6lZvQ+L3BxvukoasPtznL3gcK3iOhV3f71c3SpGPYIFLGKZ5rmBKnbhoWbqf8Ajnqxj68a6te4+Uq2+QjOHb8u6fwegAZe3</latexit><latexit sha1_base64="khXp/rSchrClhXvjN7VgLrWRhiI=">AAAC3HicjVHLSsNAFD3G97vqwoWbYBF0UxMRdFnUhQsXEawW2homcdSh0yQkE7GIO3fi1h9wq98j/oH+hXfGCGoRnZDkzLn3nLl3bpBIkSnHee mz+gcGh4ZHRsfGJyanpkszs4dZnKchr4WxjNN6wDIuRcRrSijJ60nKWSeQ/Chob+v40QVPMxFHB6qb8FaHnUXiVIRMEeWX5ps7XCpme37XXm5658K/XN3zL1f8UtmpOGbZvcAtQBnF8uLSM5o4QYwQOTrgiKAISzBk9DTgwkFCXAtXxKWEhIlzXGOMtDllccpgxLbpe0a7RsFGtNeemVGHdIqkNyWljSXSxJSXEtan2SaeG2fN/uZ9ZTx1bV36B4VXh1iFc2L/0n1m/lene1E4xabpQVBPiWF0d2Hhkptb0ZXbX7pS5JAQp/EJxVPCoVF+ 3rNtNJnpXd8tM/FXk6lZvQ+L3BxvukoasPtznL3gcK3iOhV3f71c3SpGPYIFLGKZ5rmBKnbhoWbqf8Ajnqxj68a6te4+Uq2+QjOHb8u6fwegAZe3</latexit>
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FIG. 1. The Chern numbers from Eq. (4) for (a) Hˆ
(1)
Ch
with (t,∆) = (1.0, 1.0) and (b) Hˆ
(2)
Ch with (t,∆1,∆2) =
(1.0, 1.0,±1.0) as a function of m. (c) The disorder averaged
Chern number as a function of the mass disorder strength W .
(d) Change in the phase factor of Zc as a function of Φx/Lx
for Hˆ
(1)
Ch + HˆU at U = 1.
measure the Chern number in a slightly different way.
The usual method32 measures the polarization along the
x-direction, the infinite direction, exactly, but twisting
the boundary condition adiabatically by threading the
flux Φy from 0 to 2pi along the y-direction, the finite
circumference direction. Since the allowed momentum
along the y-direction is highly restricted due to the small-
ness of Ny, it is important to keep track of the winding
of the x-polarization with respect to the full adiabatic
changes of Φy. On the other hand, our method mea-
sures the polarization along the y-direction approximately
using Uˆ1,y operator, but only requires an infinitesimal
gauge flux along the x-direction, which is the infinite di-
rection. Since the momentum along the infinite direction
is fully available, it is sufficient to consider the states with
0 and an infinitesimal flux. In the iDMRG simulation,
we set (t,m, r;U) = (1.0, 1.0, 1.0; 1.0), Ny = 4, and the
bond dimension χ = 100. In FIG. 1, we see that the po-
larization along the y-direction, which is computed from
the many-body invariant, shows perfect linear behavior
as a function of the flux Φx along the x-direction, thereby
indicating that an infinitesimal flux insertion is enough
for computing the Chern number.
Finally, we confirm the many-body invariant Eq. (7)
for the chiral hinge insulators. We first consider the fol-
lowing tight-binding model:8
HˆHinge =
∑
k
c†k
[
(m− t
∑
i=x,y,z
cos(ki))τzσ0 (12)
+ ∆1
∑
i=x,y,z
sin(ki)τxσi + ∆2(cos(kx)− cos(ky))τyσ0
]
ck,
where ck = (ck,A,↑, ck,A,↓, ck,B,↑, ck,B,↓)T . In FIG. 2
(a), we use the many-body invariant Eq. (7) to compute
CW as a function of the mass parameter m with fixed
(t,∆1,∆2) = (1.0, 1.0, 1.0). We see that the many-body
5Cw
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FIG. 2. (a) CW from Eq.(7) for the half-filled ground
state of Eq.(12) with (t,∆1,∆2) = (1.0, 1.0, 1.0), system size
(Lx, Ly, Lz) = (20, 20, 40), and Φz = 0.01. (b) Change in
the phase factor of Zh(Φz) as a function of Φz. The ground
states are obtained within the Hartree-Fock approximation
for (m,U) = (2.0, 0.5) and (4.0, 0.5). The slope gives CW .
We see perfect linear behaviors in both cases.
invariant Eq. (7) reproduces the phase diagram with the
correct CW .
For a non-trivial test for our invariant Eq. (7), we add
an onsite Hubbard interaction U
∑
r,a=A,B nˆr,a,↑nˆr,a,↓
to Eq. (12). To include the interaction effects, we em-
ploy the self-consistent Hartree-Fock method which vari-
ationally finds the single Slater determinant wavefunc-
tion minimizing the energy of the interacting Hamilto-
nian. We turn on small yet finite U where the ground
state is adiabatically connected to the ground state with
U = 0. We consider the full 2pi flux insertion along the
z-direction and see how the many-body invariant Eq. (7)
changes. In FIG. 2 (b), we observe that the slope of
Im log[Zh(Φz)] equals CW as expected.
We also have investigated Eq. (7) for the chiral hinge
insulators, whose chiral modes are purely due to the
boundary Chern bands and not due to the pumping of
bulk quadrupole moments. For these cases, we expect
them to be identified with CW = 0 in Eq. (7). We will
report the detection of this boundary Chern insulators
using Eq. (7) as well as the applicability of Uˆ2 in mea-
suring various boundary-only topology elsewhere.33
5. Conclusions: We have provided many-body in-
variants for 2d Chern and 3d chiral hinge insulators.
Our many-body invariants have natural interpretations
in three different theoretical approaches: many-body adi-
abatic pumping, topological field theory, and free-fermion
band indices. Our invariants provide not only the theo-
retical framework to understand various chiral insulators,
but also efficient ways of computing topological numbers
as the invariants require only two ground states. We
have tested our formula for various non-interacting mod-
els with translation symmetry, non-interacting but with-
out translational symmetry, and interacting models. In
all cases, we see that our invariants detect the ground
state topology correctly and successfully map out the full
phase diagram as well.
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Appendix A: On the Unitaries Uˆa=1,2
In this section, we briefly review the necessary information about the unitary operators Uˆa=1,2 which are extensively
used in the main text. We ask readers to refer to two papers, one1 by Resta and the other2,3 by Kang, Shiozaki and
Cho, or Wheeler, Wagner, and Hughes for more details. In summary, the unitary operators Uˆa=1,2 are designed to
measure the polarization and quadrupole moments of many-body ground states.
1. Many-Body Polarization
The unitary Uˆ1 was used to measure the polarization. The statement in the original paper
1 is that the polarization
of an 1d insulator, which could be free or correlated, can be purely diagnosed from its ground state defined on a torus
with the length L under the periodic boundary condition, i.e., each lattice site is labeled as x ∈ Z such that x ∼ x+L.
Then, we consider a unitary Uˆ1:
Uˆ1 = exp
(2pii
L
L∑
x=1
xnˆx
)
, (A1)
where nˆx is the number operator of the electrically-charged particles at the site x. Then, we can compute the
many-body polarization in terms of the many-body ground state |GS〉 on the torus
〈GS|Uˆ1|GS〉 = |〈Uˆ1〉| exp(2piiP), (A2)
where P is the polarization. Note that in the case of the band insulators, the polarization P appeared in the above
definition can be identified with the polarization defined in terms of the Berry connection as L→∞.1
2. Many-Body Quadrupole
The quadrupole moment of 2d insulator can be similarly measured as the many-body polarization. We start with
the many-body ground state |GS〉 of a 2d insulator on the torus of the length Lx × Ly with the periodic boundary
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2conditions along both directions, i.e., (x, y) ∈ Z2 such that (x, y) ∼ (x+Lx, y) ∼ (x, y+Ly) ∼ (x+Lx, y+Ly). Next,
we consider a unitary Uˆ2:
Uˆ2 = exp
( 2pii
LxLy
Lx∑
x=1
Ly∑
y=1
xynˆx,y
)
, (A3)
where nˆx,y is the number operator of the electrically-charged particles at the site (x, y). Following Refs. 2 and 3, the
bulk quadrupole moment of the insulator can be measured as
〈GS|Uˆ2|GS〉 = |〈Uˆ2〉| exp(2piiQxy), (A4)
where Qxy is the (physical) quadrupole moment of the insulator. Note that the polarization Qxy as defined above
agrees with the quadrupole moment defined in terms of the Bloch states and associated nested Wilson loop index,
when the C4 symmetry or the two anti-commuting mirror symmetries Rx × Ry exist in the system.2–4 Currently,
the many-body expectation value and the physical quadrupole moments seem to agree with each other for the band
insulators with the Wannier gaps2,3; it is an open problem if one can define the bulk quadrupole moments for the
cases without the Wannier gaps. The detailed discussions on applying Uˆ2 on the cases without Wannier gaps can be
found in Refs. [2, 3, 5, and 6].
Appendix B: Reduction to Band Chern Number
In this section, we show how the many-body invariant for Chern number is reduced to the band Chern number for
the ground state of band insulators. We assume translational symemtries along the x- and y-direction and fix the
convention for the Bloch states as
c†(kx,ky),α =
1√
LxLy
Lx∑
x=1
Ly∑
y=1
e−i(kxx+kyy)c†(x,y),α, (B1)
where Lx and Ly are system sizes along the x- and y-direction and α labels the orbtial degrees of freedom. Using the
bloch states, a non-interacting tight-binding hamiltonian can be written as
Hˆ =
∑
kx,ky
Norb∑
α,β=1
hα,β(kx, ky)cˆ
†
(kx,ky),α
cˆ(kx,ky),β , (B2)
where Norb is the number of orbitals in the unit-cell and the momentum summation is over kx ∈ {0, 2piLx , · · · ,
2pi(Lx−1)
Lx
}
and ky ∈ {0, 2piLy , · · · ,
2pi(Ly−1)
Ly
}, i.e., periodic boundary condition along the x- and y-direction. By diagonalizing
hα,β(kx, ky), one gets single-particle eigenstates
γˆ†n,(kx,ky) =
Norb∑
α=1
un,α(kx, ky)cˆ
†
(kx,ky),α
, (B3)
where n ∈ {1, 2, · · · , Norb} is the band index.
Let us consider a band insulator where the many-body ground state can be obtained by completely fill the lowest
Nocc bands:
|GS〉 =
( ∏
n,kx,ky
γˆ†n,(kx,ky)
)
|vac〉, (B4)
where |vac〉 is the vacuum state and we fix, once it for all, the ordering of the product of single-particle creation
operators.
We now carefully analyze the gauging of the U(1)-symmetry in the case of our non-interacting tight-binding hamil-
tonian Eq. (B2). To this end, we introduce a constant gauge field (Ax, Ay) = (Φx/Lx,Φy/Ly) which leads us to the
following changes in the Hamiltonian:
Hˆ(Φx,Φy) =
∑
kx,ky
Norb∑
α,β=1
hα,β
(
kx +
Φx
Lx
, ky +
Φy
Ly
)
cˆ†(kx,ky),αcˆ(kx,ky),β , (B5)
3where the summation of (kx, ky) is over the same set of (discrete) momenta as in Eq. (B2). Similarly, the ground
state of Hˆ(Φx,Φy) can be written as
|GS(Φx,Φy)〉 =
( ∏
n,kx,ky
γˆ†
n,
(
kx+
Φx
Lx
,ky+
Φy
Ly
))|vac〉, (B6)
where we use the same ordering of the product as the one used in Eq. (B4) and
γˆ†
n,
(
kx+
Φx
Lx
,ky+
Φy
Ly
) = Norb∑
α=1
un,α
(
kx +
Φx
Lx
, ky +
Φy
Ly
)
cˆ†(kx,ky),α (B7)
with un,α
(
kx +
Φx
Lx
, ky +
Φy
Ly
)
being the eigenstate of the Bloch Hamiltonian hα,β
(
kx +
Φx
Lx
, ky +
Φy
Ly
)
. Note that the
creation operator part cˆ†(kx,ky),α remains the same while its amplitude changes from un,α(kx, ky) to un,α
(
kx+
Φx
Lx
, ky +
Φy
Ly
)
.
Before proceed, let us remark the relation between U(1)-gauge flux Φy and the many-body operator Uˆ1;y =
exp
(
2pii
Ly
∑
x,y ynˆ(x,y)
)
. For an arbitrary Φy, the Hamiltonian is not gauge equivalent to the original Hamiltonian
with Φy = 0. But when Φy = 2pi (or a multiple of 2pi), the Hamiltonian is gauge-equvalent to the original Hamilto-
nian via Uˆ1;y:
Hˆ(Φy = 2pi) = Uˆ1;yHˆ(Φy = 0)Uˆ
†
1;y, (B8)
which also holds in the case of fully interacting many-body Hamiltonian with U(1)-symmetry (charge conservation).
The Hamiltonian Eq. (B2) does follow the same transformation, which can be directly seen by using
Uˆ1;y
(
cˆ†(kx,ky),α
)
Uˆ†1;y =
1√
LxLy
Lx∑
x′=1
Ly∑
y′=1
e−i(kxx
′+kyy′)Uˆ1;y
(
cˆ†(x′,y′),α
)
Uˆ†1;y
=
1√
LxLy
Lx∑
x′=1
Ly∑
y′=1
e−i(kxx
′+kyy′)e
2pii
Ly
y′
cˆ†(x′,y′),α
= cˆ†(
kx,ky− 2piLy
)
,α
(B9)
and relabel the dummy variable ky in the summation in Eq. (B2).
Our many-body index for Chern number amounts to computing the expectation value of Uˆ1;y with respect to the
ground states |GS(0, 0)〉 and |GS(Φx, 0)〉 for an infinitesimal Φx. Using the fact that Uˆ1;y|vac〉 = |vac〉 and
Uˆ1;yγˆ
†
n,
(
kx+
Φx
Lx
,ky
)Uˆ†1;y = Norb∑
α=1
un,α
(
kx +
Φx
Lx
, ky
)
cˆ†
(kx,ky− 2piLy ),α
, (B10)
Uˆ1;y|GS(Φx, 0)〉 can be written as
Uˆ1;y|GS(Φx, 0)〉 = ±
∏
n,kx,ky
[Norb∑
α=1
un,α
(
kx +
Φx
Lx
, ky +
2pi
Ly
)
cˆ†(kx,ky),α
]
|vac〉, (B11)
where ± is a possible sign factor which appears when re-arranging fermionic operators in order to follow the ordering
of the product in Eq. (B4). The single-particle creation operators in Uˆ1;y|GS(Φx, 0)〉 still caries momentum quantum
number, which simplifies the inner product between |GS(Φx, 0)〉 and Uˆ1;y|GS(Φx, 0)〉:
〈GS(Φx, 0)|Uˆ1;y|GS(Φx, 0)〉 = ±
∏
kx,ky
det
[〈
un(kx +
Φx
Lx
, ky)
∣∣∣um(kx + Φx
Lx
, ky +
2pi
Ly
)〉]
, (B12)
where ± is a possible sign factor, in addition to the sign factor in Eq. (B11), which arises when grouping single-
particle operators with the same momentum quantum number. For each (kx, ky), we have Nocc-by-Nocc matrix whose
4(n,m)th entry is given by
〈
un(kx+
Φx
Lx
, ky)
∣∣∣um(kx+ ΦxLx , ky + 2piLy )〉 = ∑Norbα=1 u∗n,α(kx+ ΦxLx , ky)um,α(kx+ ΦxLx , ky + 2piLy ).
The determinant in the RHS of Eq. (B12) denotes the determinant of this Nocc-by-Nocc matrix. The sign factor
merely comes from rearranging fermion creation operators and has no physical effects. Indeed it cancels out when
considering the ratio 〈GS(Φx, 0)|Uˆ1;y|GS(Φx, 0)〉/〈GS(0, 0)|Uˆ1;y|GS(0, 0)〉 which is precisely the combination appeared
in the many-body invariant.
For a fixed kx, we can make a gauge choice so that un(kx, ky) is smooth as a function of ky for each n ∈
{1, 2, · · · , Nocc}7,8. Then for a large enough Ly, we can make the following approximation:∑
ky
log
(
det
[〈
un(kx +
Φx
Lx
, ky)
∣∣∣um(kx + Φx
Lx
, ky +
2pi
Ly
)〉])
=
∑
ky
tr
(
log
[〈
un(kx +
Φx
Lx
, ky)
∣∣∣um(kx + Φx
Lx
, ky +
2pi
Ly
)〉])
≈
∑
ky
tr
(
i
[
Aky
(
kx +
Φx
Lx
, ky
)]2pi
Ly
)
=
∑
n,ky
2pii
Ly
[
Aky
(
kx +
Φx
Lx
, ky
)]
(n,n)
(B13)
where the Berry connection
[Aky (kx, ky)] is anNocc-by-Nocc matrix whose (n,m)th entry is given by−i〈un(kx, ky)|∂kyum(kx, ky)〉.
Moreover, using the compactness of the Brillouin zone (which is the torus T 2), for a sufficiently large Lx, one can choose
the same smooth gauge for un
(
kx+
Φx
Lx
, ky
)
and un(kx, ky), i.e., un can be chosen to be smooth on
[
kx, kx+
Φx
Lx
]×[0, 2pi]
for every kx. Hence the many-body invariant reduces to
Im
[
log
( 〈GS(Φx, 0)|Uˆ1;y|GS(Φx, 0)〉
〈GS(0, 0)|Uˆ1;y|GS(0, 0)〉
)]
≈
∑
n,kx,ky
2pi
Ly
([
Aky
(
kx +
Φx
Lx
, ky
)]
(n,n)
− [Aky (kx, ky)](n,n))
≈ Φx 1
2pi
∫
BZ
dkxdkytr
[F(kx, ky)]
= ΦxC, (B14)
where F = ∂kxAky − ∂kyAkx + i[Akx ,Aky ] is the Nocc-by-Nocc matrix-valued Berry curvature. Note that −∂kyAkx
term vanishes under ky integration due to our gauge choice in u and the trace of i[Akx ,Aky ] vanishes as well. This
completes the proof that the many-body invariant reduces to the band Chern number for band insulating states.
Appendix C: 〈GS|Uˆ |GS〉 vs. Path Integral
Here we briefly review how the ground state overlap can be related to the evaluation of the path integral. Note that
this approach has been employed successfully in the previous literature2. In this paper, we apply this to the Chern
and chiral hinge insulators.
Generically, we can rewrite the overlap into a path integral as follows:
〈GS(Φ)|Uˆ |GS(Φ)〉 = 1
Z0
Tr
[
Uˆ · e−
∫ β
0
dτddrH[ABCa ]
]
β→∞
, (C1)
where we have used
|GS(Φ)〉 = 1√
Z0
∑
n
exp
(
− 1
2
∫
dτddrH[ABCa ]
)
|n〉,
with |n〉 being the basis of the Hilbert space under the periodic boundary conditions. Here the trace is over |n〉, and
Φ denotes the twist in the twisted boundary condition. For twisted boundary conditions in the spatial directions
that we use in the main text, they are implemented by introducing the vector gauge fields in the Hamiltonian. Such
gauge field configuration is included by the vector gauge field ABCa with a = x, y for the two-dimensional cases and
a = x, y, z for the three dimensional cases. The gauge fields match the twisted boundary condition, for instance, if
x-direction is twisted, then
∮
Ax = Φx. In the numerics, the uniform gauge was used, e.g., Ax = Φx/Lx. We also
have assumed that the ground state is unique, which is the case for the examples of the current paper.
Next, in our paper the unitary Uˆ appearing in Eq.(C1) can be written as
Uˆ = exp
[
i
∫
ddrφ(r)nˆ(r)
]
, (C2)
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FIG. 1. (a) We regard a quasi-one dimensional geometry (the cylinderical geometry) used in the iDMRG simulation as a one-
dimensional geometry with a ‘super-site’ for each x and consider an ordinary iMPS state for this one-dimensional geometry.
(a) By acting Uˆ1,y operator on the physical bond of a ‘super-site’ MPS, we define the dressed transfer matrix T˜1,y.
i.e., the exponent is always proportional to the number operator nˆ(r) weighted with a scalar function φ(r). This
specific scalar function determines which topology to be measured. Note that, this can be entirely rewritten as
Uˆ = exp
[
i
∫
ddr
∫
dτφ(r)δ(τ)nˆ(r, τ)
]
. (C3)
Inserting this expression into the trace, we find that Eq.(C1) can be written as
1
Z0
Tr
[
e−
∫ β
0
dτddr(−iφ(r)δ(τ)nˆ(r,τ)+H[ABCa ])
]
β→∞
. (C4)
Writing this way, we can now identify φ(r)δ(τ) as the time-direction component of the gauge field. Now, we can
straightforwardly interpret the above: the trace means that we are performing the evolution of the ground state for
all possible configurations of electrons or matter fields of the theory, and hence the result must be the effective theory
in terms of Aµ such that its spatial part is pinned by the boundary condition A
BC
a and its temporal component is
pinned by the unitary φ(r)δ(τ).
Hence, we find that the ground state overlap in Eq.(C1) is
〈GS(Φ)|Uˆ |GS(Φ)〉 = |NΦ|eiφ0eiSeff [Aµ], (C5)
where φ0 is a non-topological constant phase factor. Such factor often appears in similar many-body invariants
such as the original Resta’s formula.1 Here |NΦ| is the modulus of the overlap and Seff is the effective topological
response of the insulators, such as the Chern-Simons term. To remove the effect of φ0, we take a quotient by
〈GS(0)|Uˆ |GS(0)〉 = |N0|eiφ0 . This is because we know that the contribution Seff vanishes without the twisted
boundary conditions for the cases we consider in this paper. Hence, in total, we find:
〈GS(Φ)|Uˆ |GS(Φ)〉
〈GS(0)|Uˆ |GS(0)〉 =
∣∣∣NΦ
N0
∣∣∣eiSeff [Aµ]. (C6)
This completes the connection between the ground state overlap and the path integral/topological field theory. With
this, we can calculate the phase factors by plugging the gauge field configurations and effective topological field theory,
which is straightforward.
Appendix D: Many-body invariant for Infinite Matrix Product State
The many-body invariants use the ground states on the torus geometry. In interacting 2d systems, such as interacting
Chern insulators, it is often useful to use the infinite density matrix renormalization group (iDMRG) to find the ground
state in the quasi-1d cylinder geometry. The iDMRG finds the ground state in an infinite matrix product state (iMPS)
form. Hence, It is natural to ask if there exits an expression for the many-body invariant, i.e., Eq.(4) of the main
text, in terms of iMPS states. In the following, we present such many-body invariant using iMPS states.
Similar to the many-body invariants written in terms of the ground state wavefunctions in the main text, we need
two iMPS states obtained from iDMRG simulations on a quasi-1d geometry, one without flux and the other with a
6constant flux along the infinite direction. We introduce the flux along the infinite direction, the x-direction in FIG. 1
(a), by coupling the system with a constant gauge field Ax = φx. Since we thread the flux along the infinite direction,
flux density (flux per unit x-length) is infinitesimal, not the full flux, which is divergent. Note that using the constant
gauge field Ax, the Hamiltonian has the same translational symmetry as the Hamiltonian without the gauge field.
Since we are interested in non-fractionalized Chern insulating phases, let us assume that the iMPS ground states
also enjoys the translational symmetry along the x-direction, i.e., the MPS tensor of the ’super-site’ in FIG. 1 (a) is
independent of x position. Having obtained two iMPS ground states, we measure the polarization along the finite
circumference direction, the y-direction in FIG. 1 (a), using
∏
x Uˆ1,y =
∏
x exp
(
2pii
Ly
∑
y ynˆx,y
)
, where x dependence
in Uˆ1,y is implicit. Note that “Uˆ1,y” appearing in the main text corresponds to
∏
x Uˆ1,y in this notation. Although
the expectation value of
∏
x Uˆ1,y may not be well-defined, its asymptotic behavior is governed by the eigenvalue with
maximum modulus λTmax of the dressed transfer matrix T˜1,y, where Uˆ1,y acts on the physical legs as described in
FIG. 1 (b). (We assume that the iMPS states are properly normalized, i.e., the usual transfer matrix has 1 as the
eigenvalue with maximum modulus. Also by the assumption of the uniqueness of the ground state, eigenvalue 1 is
non-degenerate.) The complex phase factor of λTmax corresponds to (2pi times) y-polarization per unit x-length, which
is well-defined. Finally, the many-body invariant for iMPS states are defined as
|Zc|eiCφx = exp
(λTmax(φx)
λTmax(0)
)
, (D1)
where |Zc| is the absolute value of the “partition function” and λTmax(φx) is the eigenvalue with maximum modulus
of the dressed transfer matrix T˜1,y for the iMPS ground state of the Hamiltonian with flux Ax = φx.
Note that if we adiabatically change the flux density φx from 0 to 2pi, the ratio λ
T
max(φx)/λ
T
max(0) starts from 1 and
ends at 1. This implies that the winding number associated with the process, i.e., the Chern number C, is quantized.
Our claim indicates that it is actually sufficient to look at just a single number λTmax(φx)/λ
T
max(0) with a nonzero φx,
not the full winding.
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